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Introduction. This paper is devoted to the study of extension theory of smooth algebras, in the framework of quantized differential geometry. A smooth algebra is a Frechet *-algebr which is also a dense sublgebra of a C*-algebra. A cruxial ingredient is τ-smoothness of a completely positive map. We compute examples of smooth extensions, starting from dimensions 0 and 1. A vanishing theorem is proved for totally disconnected spaces. For any compact smooth manifold of positive dimension, it is shown that there exists a representation oϊC(M) which is not £ 1 -smooth as completely positive linear map. However for any Frechet operator ideal /C τ , we prove that all completely positive maps defining extensions of C°°(S ι ) by K τ are r-smooth, and that all the groups Ext r (C°°{S 1 )) are isomorphic, although Ext r (C°°(M)) varies dramatically depending on the choice of the ideal /C r , when the dimension of the manifold M is larger than 1.
The theory of C*-algbra extensions arose from two origins, one is the work of Brown-Douglas-Fillmore in their classification of essentially normal operators, another is the work of Atiyah and Kasparov on elliptic operators on manifolds.
Various aspects of smooth extensions have been studied in [H-H] , [C-P] , [D] , [D-V] , [C] , [C-K] , [S] , and [G] etc. They connect intimately with the index theory, K-theory. It provides a main source of examples and motivations for cyclic homology and noncommutative differential geometry [C] .
While our knowledge of topological Ext-theory is rather complete, a natural and fundamental problem ([A2, p. 9] ; [D, p. 68] ; [H-H, p. 236] ) remains wide open in noncommutative differential geometry, i.e. the formulation and understanding of the extension theories of smooth algebras.
The notion of £ p -smoothness of a B-D-F extension of a manifold was introduced in [D] . It was generalized to normed ideals and C*-algebras in [SI] . A vanishing theorem for spheres is proved in [D-V] . For each Frechet operator ideal /C τ , in [W3] and [W4] we investigated a contravariant bigraded functor Ext* from the category of smooth algebras to the category of abelian groups, classifying the extensions of a smooth algebra by /C r . Some features of [W3] distinct from previous works, are that (1) We worked with all Frechet operator ideals, instead of Schatten ideals or normed ideals; This is natural in the context of noncommutative differential geometry, because the algebras of infinitely differentiable functions are Frechet algebras.
(2) We formalized the notion of smooth algebras (c.f. [B-C] ), and dealing with classifications of extensions of smooth algebras themselves rather than certain smooth class' in the topological Extgroups of the C*-algebras. We must consider not only the restriction of a completely positive map on a set of generators of a C*-algebra, but also the continuity of the map with respect to the relevant Frechet topology.
The dramatic difference due to our new starting point shows immediately on simple examples (see the end of this section).
In [W3] and [W4] we establish a unified framework into which fit all the previous results in this direction. In particular, Voiculescu's theorem and Stinespring's theorem were generalized to smooth algebras and general operator ideals, answering a question raised in [D] .
In extending Voiculescu's theorem from algebras having countable bases as vector spaces to Frechet algebras (c.f. Theorem 1.12 below), we were led to the key notion of τ-smoothness of completely positive map, which provides a comparison of the Frechet topology on a smooth algebra with the topology on the operator ideal /C r .
As an example of many situations where the notion of r-smoothness will arise, let us consider the following question. Let (A°°,A) be a smooth algebra with a dense subalgebra A™. Let be a completely positive map defining an extension ε°° of A°° by JC T ($)), thus also an extension ε oΐ A by IC(fy).
Suppose that is another completely positive map, such that Φ'\A™ is (the restriction of) a cross section of ε. Then trivially φ' is a cross section of ε. Now assume that Φ'\A%> is a cross section of ε°°, must Φ'\A°° be a cross section of ε°°? We show this can be false even for smooth algebras with a single generator (Theorem 2.10) . We say that φ is r-smooth if this is true for any such φ f . A smooth operator algebra is r-smooth if the identity map is r-smooth (see 1.10).
Our construction is very general. A group Ext r (v4°°) is defined for any smooth algebra A°°, even in the extreme case when A°° is taken to be the C*-algebra A itself. Then the functor Ext r is reduced to the B-D-F functor Ext if K τ = fC. Theorem 2.10 just indicates that when /C r C K is a genuine smooth operator ideal, one ought to apply Ext r to "compatible" genuine smooth algebras. It shows that Ext £ i is not a compatible functor for C*-algebras themselves. With modifications, our construction of the functors Ext τ can be applied to such K τ which is a nonideal completion of the algebra M^C) of all the finite matrixes (see 2.22).
From either the point of view of quantized functional analysis [E] , or the point of view of quantization [W4] , τ-smooth operator algebras can be considered as quantized Frechet algebras of various degrees of smoothness.
In [W4] , starting with classical examples, we will reformulate the theory of the smooth extensions as a generalization of the scheme of quantizations of Poisson algebras. This establishes a direct con-nection between quantum geometry and quantum physics, parallel to the approach of deformation quantization taken e.g. in [R] .
In this paper we derive several useful properties of the smooth Ext r -theory, and illustrate by more examples. We prove, among other things, that Ext r is always an additive functor (Theorem 2.21) from smooth algebras to abelian groups. In [W3] it is shown that the Toeplitz extension given by the unilateral shift is /^-smooth. Using somewhat different techniques here we show that all completely positive maps defining extensions of C°°(S ι ) by /C r are /C τ -smooth for any Frechet operator ideal /C τ (Theorem 3.7) . This is the first of a series of computations of examples and applications of Ext r -groups ( [W4] , [W5] , [W7] , [W8] , [W9]). We start from spaces of dimensions 0 and 1. We prove that the groups Ext τ vanish for reasonable smooth algebras on all totally disconnected spaces (Corollary 3.4). We show that Ext τ C OΌ (S 1 ) are all isomorphic (Theorem 3.8) for any Frechet operator ideals. An analogous result for the group Sm Ext introduced by Salinas has been obtained in [SI] , where the connection between quasitriangularity and smooth extensions is also studied.
This isomorphism theorem holds only for S
1
. In [W7] , we proved that if n > 1 the group Ext^i C co (S 2n~ι ) is enoumous: it contains all dimension one closed de Rham currents in S 2n~ι \ This is in sharply contrast to the well-known vanishing theorem [D-V] that any £ n~1 -smooth ( £ 2n~2 -smooth in our convention) extension of C°° (S 2n -1 ) is trivial (in ExtS 2^1 ). A K-theory of Frechet algebra has been studied by N.C. Phillips [P] (also see [W2] ). For manifolds topological if-homology is much more difficult to formulate than the topological if-theory, although they are isomorphic to each other, via the pairing. It is reasonable to expect that the smooth if-cohomology groups as formulated in [P] and [W2] are independent of the choice of the corresponding smooth operator ideals /C τ , however the smooth .fί-homology group Ext r (C°°(M)) varies dramatically depending on the dimension of M and the size of /C r , as we shall see. Smooth K-homology for manifolds has always been a mystery. Now it is seems to be within reach [W7] .
Although this paper is a continuation of [W3] , the crucial notions are briefly discussed in §1 to make it reasonably self-contained.
We shall use the notation in [W3] . Let S) be a separable Hubert space. We denote by £(#), /C(ί)), and lCf($)) (or simply £, /C, /C/) respectively the algebras of all bounded, compact, and finite rank operators in $). By C(X) we denote the C*-algebra of complex continuous functions on a compact space X.
1. Smooth Algebras, r-Quasicentrality, and r-smoothness.
1.1. By a Frechet algebra, we mean a complete topological algebra with a countable defining family of submultiplicative seminorms. A smooth algebra is a Frechet *-algebra A°° with a specified norm p such that p(a*a) = p (a) 2 for all a G A°°. Often it is written as a pair (A°°,A)] where A is the C*-completion of A°° with respect to the specified norm p, containing the Frechet *-algebra A°° as a dense *-subalgebra.
The prototype examples of smooth algebras are of course, (C°°(M), C(M)), for a smooth compact manifold M, where C(M) is the C*-algebra of complex continuous functions and C°°(M) is the subalgebra of all infinitely differentiate functions. While a C*-algebra retains only the topological structure of the "space", a smooth algebra is encoded the "smooth" structure of the "manifold". Depending on the chosen smooth subalgebra, the "smooth structure" can be of "smoothness" of various degrees for a smooth manifold, an analytic structure for an analytical manifold, or a PLstructure for a piece wise linear manifold, etc.
The smooth category is the category of all separable smooth algebras. A morphism
of smooth algebras is a morphism /°° of Frechet *-algebras which is contractive with respect to the seminorms p and q.
1.2. In general, given a Frechet algebra A°°, one can get many C*-completions A of ^4°° by assigning inequivalent C*-norms, For example, let A°° -L ι (G) for any nonamenable group G, such as the free group on two generators. Then the reduced group C*-algebra C;(G) of G is different from the full group C*-algebra C* (G) .
On the other hand, the smooth algebra C°°(M) determines the commutative C*-algebra C(M) for a compact smooth manifold M. This is also true for many interesting noncommutative smooth algebras.
Assume that A°° is a dense subalgebra of a Frechet algebra A, both have the same unit. We say A°° is stable under holomorphic functional calculus in A if for any n G N and a G M n (A°°) one has f(a) G M n (A°°) for any function / holomorphic in a neighborhood of the spectrum of a in M n (A). If A is a Banach algebra and the group of invertible elements is open in A, then it is not necessary to go up to the matrixes over A [Sw] .
As a Frechet algebra, A°° is always closed under holomorphic functional calculus in itself. If A°° is stable under holomorphic functional calculus in a C*-algebra A, then A°° admits a unique C*-norm. Indeed any C*-norm of a G A°° is the spectral radius of a*a in A°°, hence uniquely determined [C] . If G is nonamenable, then C*(G) does not have any Frechet subalgebra A°° stable under holomorphic functional calculus in any of its C*-algebra closure.
Let Cf(Z)
be the algebra of all ("one-sided") finite sequences over C. A seminorm p on C/(Z) is symmetric if for any sequences s and s' which differ only by a permutation of entries, then p(s) = p(s'). A locally m-convex topology τ on C/(Z) is symmetric, if it is defined by a family V of submultiplicative symmetric seminorms.
Denote by C^(Z) the completion of C/(Z) with respect to a locally m-convex topology r, given by a defining family V of submultiplicative symmetric seminorms.
Any compact operator T G JC(fi) has a canonical expansion in terms of the so called singular numbers where sχ(T) > s 2 (T) > > 0, both {e n } and {f n } form orthonormal bases of ft. Conversely, given such an ideal /C τ (ί}), the linear subspace S={s = (s n )\ £ < e n , > e n € /C τ (£)} has form C®(Z) for a locally m-convex symmetric topology r on The correspondence is bijective. We shall call JC τ (Sj) the ideal of τ-compact operators in S).
1.5. Assume that K τ is defined by a family {p m } of seminorms. We define (not necessarily submultiplicative) seminorms
The completion JCl(fi) of JCf(Sj) with respect to {p™} is a complete topological ideal of £($)).
i Similarly we define a locally convex operator ideal K* (Sj) to be the completion of ICf(S)) with respect to {p^}, where If 5, T e JCT, then ST e /C τ , and we have the Schwarz inequality
As examples of Frechet operator ideals which are not Banach operator ideals, we mention the class T? := ίnV>p£ r , for p > 1. We note that ΊC? strictly contains the ideal
There are large classes of Frechet operator algebras which are ideals only for certain C*-subalgebras of £(#), to which our theory also applies (2.22). For simplicity, unless otherwise stated, a representation means a nondegenerate representation, and a completely positive map will always assumed to be either unital, or completely contractive with respect to the operator C*-norms. Recall that a sequence {/c n } of operators is said to converge to k strongly if ||A; n £|| ->• 0 for any vector ξ. 
Tΐl-^OO
Proof The equivalence of (a) Let (A°°,A) be a commutative smooth algebra such that A = C(X), where X is a compact set embedded in R n . A degenerate smooth extensions of A°° is given by a n-tuple of commuting Hermitian operators such that X is their joint spectrum. Thus Voiculescu's result implies that all degenerate smooth extensions of A°° by C n are £ n -quasicentral.
1.10. Let (^4°°, A) be a smooth algebra, with a dense *-subalgebra AQ°, which is countably generated as a vector space. A completely Let (A°°, A) be a smooth operator algebra in £($)), and let φ be a completely positive map from (A°°,A) into C(H). We say 0 is T-smooth mod /C τ (or K τ -smooth mod /C τ ) with respect to AQ°, if the following property holds:
Although the definition of r-smoothness depends on the fixed subalgebra A™, in practice A°° is always defined as the closure of certain canonical subalgebra A™, with countably, even finitely many generators. Thus we do not always mention the subspace i4g° if it is obvious.
A smooth operator algebra (A°°,A) is called r-smooth (or rsmooth mod /C r ) , if the map id^oo is τ-smooth (respectively, rsmooth mod /C r ). PROPOSITION 
(a) If a completely positive map φ from (A°°jA) C C(fi) into C(H) is τ-smooth, than it is also τ-smooth mod JC T .
In particular, if a smooth operator algebra (A 00 , A) is τ-smooth, than it is also τ-smooth modK T . 
for every a G A; and
Proof. The proof is the same as that of Theorem 2.11 in [W3] . We need only to notice that if a G A(Ί /C r , then τr(α) = 0, hence U*(a θ π(α))J7 n G K τ (f) ). By the assumption that (A°°,A) is rsmooth mod/C τ , from the proven fact that (1) holds for all a G A™ one concludes that (1') holds for all a G A°°. D
1.
13. An obvious question is: assume that s°° is a r-quasicentral and r-smooth extension of A°°, does JC τ have a r-quasicentral approximate identity as an ideal of E°°Ί In other words, can a fixed sequence {k m } in (c) of Proposition 1.8 be chosen so that
This is very likely to be true if E°° is r-smooth operator algebra. To render some intuition, for any k G /C r , one considers the derivation
The question is exactly if there is an increasing sequence {k m } in £/ > fcm / 1 strongly, such that the restriction of the Lie algebra representation A:-+£>* to this sequence is continuous. To see (ii), we observe first that a completely positive map φ is a r-almost representation if and only if
Smooth extensions.

A τ-almost representation of (A°°, A) is a completely positive map
In fact replacing a by α + 6 in (2) we get
., 
Given a dense *-subalgebra A™ of A°°, in order that a completely positive map φ be a r-almost representation it may not be sufficient to assume that (1) holds only for all a G ^4^°. The passage from A™ to A°° involves the condition of r-smoothness of smooth operator algebras.
The following is our working definition of extensions(c.f. [C-K] ). Because C/JC τ has no Hausdorff topology if K T Φ /C, it is necessary and actually more convenient to abandon the standard approach via the Busby invariant. DEFINITION 
2.4.
A r-smooth extension of (A 00 , A) is a pair (π, P), where π is a representation of {A°°, A) in a Hubert space f), and P is a projection in fj, such that
2.5. Note that (1) implies
is a τ-almost representation.
Set
E := φ{A)
and With the operator norm, E is a C*-algebra. Endowing E°° with the locally convex final topology induced by the maps i : K τ -» £°°, and 0, we make E°° a Frechet *-algebra. Then (E°°, E) is a smooth operator algebra (Proposition 3.6, [W3] ).
Notice that as Frechet spaces, E°° is the direct sum oΐJC τ (fy) and φ(A°°). We have an exact sequence
in the category of Frechet *-algebras, and an exact sequence
-> K Λ-> E Λ-^ A -> 0,
in the category of C*-algebras. If Λg° is a dense *-subalgebra of A°° with a countable basis as a vector space, then EQ° := </>(v4g°) + /C/ is a dense subalgebra of E°°w ith the same property. Note that we do not require φ itself to be τ-quasicentral.
From Definition 2.4, every degenerate extension
is a r-smooth extension for any K r . However, π is r-smooth as a completely positive map only for those JC T whose topologies are no finer than that on A°°. "Finer" topology translates to "smoother" differential structure, in the more familiar language on commutative manifolds. For example, to say the topology on the smooth algebra C°° (S ι ) is finer then that on C^(S ι ) translates to saying that the algebra C OO (S
) is smoother than C^(S ι ).
To convey more intuition about how r-smoothness of completely positive maps as the measure comparing the smoothness of a Frechet algebra and the smoothness of an operator ideal /C r , we illustrate with an example of an extreme case. Proof. Here obviously A™ is the subalgebra of trigonometric polynomials with a single generator z = e 2mθ (see 1.10). In view of (b) of Proposition 1.11, we need only to prove that it is not /^-smooth.
We Recall that the Fourier series define an isomorphism from C[S λ ) to the C*-algebra C*(Z) + , the unitalization of the C*-algebra C*(Z), which is strictly larger than Z 1 (Z) (There are plenty functions in C(S ι ) such that their Fourier series are not absolutely convergent.) Now we choose
then (Δ/) £ C ι {H). In fact, by Ky Fan's inequality [Ky] , for any finite set {i\,..., i n } of n distinct integers and {jι,... ,j n } of n distinct integers, we have k=l k=l , then ζό 2 is also r-smooth as a completely positive map. If both φι and Φ2 are r-smooth as a completely positive map, then φ\ + φ 2 is also.
Thus (2) and (3) imply that Δ/ £ C ι (H). Therefore π is not r-
We shall denote by <£pt SjT (A°°) ( resp. 3)yt s>τ (i4°°) )the submonoids of those consisting of r-smooth completely positive maps. If r is finer than r 7 , a r-smooth extension φ is also a r'-smooth extension by Definition 2.4. Thus there is a natural transformation from (Sjrtr to THEOREM 2.14. (c.f. Theorem 3.11, [W3] 
is surjectiυe implies that (Λ°°) -> Ext τ n(A°°) is surjectiυe; a TίT ιι(A°°) is injective implies that
is surjective implies that
is surjective; a τ (A°°) is injective implies that αv^A 00 ) is injective. 
Denote by Σ)pt α)T , CByt α)r (c^ Ext α5T ) the subgroups consisting of absorbing extensions.
As Proof. Replacing P by P + P, we can assume that
where α* are real and the operator T is self-adjoint. Let Vχ be the eigenspace of any eigenvalue λ of T. Denote by j=o the corresponding "root space" of X. Using (1), one verifies that S)χ is an invariant subspace of X. Because X is self-adjoint and fj λ is finite dimensional, S)χ is spanned by the eigenvectors of X. Since T is diagonizable, ft is spanned by all such Vχ, therefore the eigenvectors of X spans f). D LEMMA 2.20. Suppose that X e C(Sj) satisfies the conditions
Then there is a K, τ -perturbation P of X which is a projection.
Proof. Replacing X by |(X + X*), we may assume X is already self-adjoint. By assumption
If V μ is the eigenspace of eigenvalue μ of X, then
is an eigenvalue of Γ, and V μ is contained in the eigenspace of λ of T. Thus V μ is finite dimensional. If X is diagonalizable, then the conclusion follows easily. By Lemma 2.19, X itself is diagonalizable. (It follows from von Neumann's theorem that a /C τ -perturbation of X is diagonalizable, if /C τ (f)) D £ 2 (#) But this is not good enough for our purpose.) Hence X has a canonical expansion Proof. By induction, it suffices to consider n = 2. For any completely positive r-almost representations
be the composition map (see 2.12). it is easy to check that 7 is defined on the unitarily equivalence classes, and that 7 maps pairs Thus δ is an isomorphism.
• 2.22. Recall that an operator ideal /C T (i}) is given by a symmetric locally ra-convex topology τ on Kf{9)\ the ideal of finite rank operators. If r is a (nonsymmetric) locally m-convex topology on Λ^oo(C) 5 its completion K, T ($S) will no longer be an ideal of Assume that is again a spatial isomorphism taking M 2 (K, T ($S) ) onto /C τ (,f)), the constructions from 2.4 to 2.7 and from 2.11 to 2.15 can be generalized to this situation with the following modification (c.f. Definition 2.2 of [W2] ):
(1) The algebra C($S) of bounded operators should be replaced everywhere by the algebra C r (S)) := M(/C τ (f))) Π C(Sj), where M(/C r (fj)) is the multiplier algebra of K T {S)).
For example, in Definition 2.4, we require in addition that Jm(τr) C C τ 
{Sj).
(2) The unitary operators in U{S)\^2) (see 2.11) be replaced by the unitary operators in U τ {S)ι^2), which are the ones preserving £>τ(F)i)j i = 1, 2, under conjugacy.
Such an example is provided by the algebra /Coo( Q) of smoothing operators. Fixing an orthonormal basis {ej of 9), these operators have matrixes with rapidly decreasing entries. The seminorms are given by for n = 0,1, 2,.... (cf. Lemma 3.6 below.)
A large class of such /C τ arise in important examples of smooth extensions involving algebras of pseudodifferential operators on a compact smooth manifold with smooth symbols of various orders [W4] .
Smooth extensions of S
ι and totally disconnected spaces.
3.1. Let Λ be a compact subset of R. Without loss of generality, we assume that Λ C (0, oo). Set A -C(Λ), which has a single generator x. Let (A°°,A) be any smooth algebra. We shall say (A 00 , A) is regular, if A°° also has a single generator. Proof. The algebra (A°°,A) is generated by a single generator Z. Thus a τ-smooth extension φ of (^4°°, A) is uniquely determined by the operator T -φ(x). Any operator T with σ e (T) = Λ and T -Γ* G /C τ defines a τ-smooth extension <^. The extension φ is degenerated if φ{x) is self-adjoint.
A completely positive τ-almost representation φ' of (A°°,A) is uniquely determined by φ'{x) := \{T + T*). Because φ is τ-smooth as a completely positive map, and (φ-φ')A™ C /C τ , where AQ° is the subalgebra of all complex polynomials in x, we have (φ -φ')A°° C /C r . Thus φ' is also a τ-smooth extension of (A°°,A) and unitarily equivalent to φ.
The extension φ' is degenerated because φ'(x) is self-adjoint. Thus one concludes that 3.5. If φ defines a r-smooth extension, then φ also defines a r-smooth extension for any r', K τ ι C /C τ .
Theorem 3.7 and the following fact are the key steps leading to the other main theorem (Theorem 3.8) Proof. We only need to show that the Toeplitz extension given by the unilateral shift is /C r -smooth, because it is a generator for the cyclic group ExtC(5 1 ).
Take any feC°°(S x ).
Let (1) where (α n ) is a rapidly decreasing sequence. Let The assertion (2) will follow from (4), (5) and (6) below: This verifies (6).
Since φ 0 is a unital completely positive map, by Stinespring's theorem, there is a *-representation π of C(S 1 ) on a Hubert space H and a projection P in H (we may assume the range of P is S), because of (2) Proof. We would like to thank N.C. Phillips for a discussion which simplified the argument. By Weyl-von Neumann-Berg Theorem,
ExtC(S ι )~<EϊiC(S ι ).
A generator of ExtC^1) ~ Z is the Toeplitz extension associated with the unilateral shift of index -1. Lemma 3.6 says that the canonical map Since p is degenerated, we deduce that
[φ] e Ώϊί τ C°°{S ι ). D
It is well-known that a Frechet algebra has homological functional calculus, but in general not C°°-functional calculus. The cruxial step in the proof above is precisely the r-smoothness of C OO (S 1 ) (Theorem 3.7), thereby ρ(z) = U defines uniquely a τ-smooth extension p.
